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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

Ql Consider the following statement.

‘If Steve is stressed, then he does not sleep well.”

Which of the following is the converse of this statement?

A. If Steve is not stressed, then he does not sleep well.
B. If Steve is stressed, then he does sleep well.

C. If Steve does not sleep well, then he is stressed.

D. If Steve does sleep well, then he is not stressed.

9

2
Q2 The line L = < 0 ) +1 (—3) forms an angle with the positive x-axis.

-2 1
What is the size of this angle?

A. 12.5°
B. 57.7°
C. 74.5°
D. 143.3°

3.
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Q3 Which expression is equal to f 2tan® x sec? x dx?

A. 2tan*x + C

tan* x
B. +C
2
C. 2tan®x + 2tan®x + C
5 3
D. 2 tan x+2tan X

5 3

Q4 The polynomial P(z) = (z — a)(z — b)(z — c) has complex roots a, b and ¢, where
Re(a) # 0,Re(b) # 0,Re(c) # 0 and Im(b) = 0. When expanded, the polynomial
is a cubic with real coefficients. Which one of the following statements is definitely
true?

A. lal = |cl
B. a+c=0
C. lal = |b|

D. a—c=0

Qs A particle undergoes simple harmonic motion about the origin. Its displacement in
centimetre is given by
x=5cos(z+=
23

The particle is at rest when

A. t=20
B. t==
3

21

C. = —
t 3

4

D. = —
t 3
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Q6

Q7

Q8

A 14 kilogram mass moves in a straight line under the action of a variable force F,
so that its velocity v ms™! when it is x metres from the origin is given by

v = vV5x — x3 4+ 10. The force F acting on the mass is given by

A. 144/5x — x3 + 10

B. 14(5x% — x* + 10x)

C. 7(5-3x%)

D. 7(5x — x3 + 10)
. .. @ dx
Which expression is equal to f —_7
-3V7 — 6x —x?
a—3
A ()
sin >
a—3
B ()
sin )
a+3
a5
sin >
a+3
D st ()
sin )

What is the simplest expression of
s () + 8 () v )+ s ()
Bl T ) T a3 \a+ )’

A T
' 4

B T

’ 2
. I
' 4
b T
2

5.
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Q9 On the Argand diagram below, points A and B correspond to the complex numbers
z, and z, respectively. Given that M is the midpoint of the interval AB and QM is
drawn perpendicular to AB, and QM = AM = BM. If Q corresponds to the complex
number w, what is the correct expression for w?

y

A(z)

0()

Z1+ 2y g7y — 27,
A. > I.( 2 )
B Z1 + 7, i(zl + zz>
2 2
(P17 %
C l( > )
D (zl+zz)
2

Q10  Without evaluating the integrals, which of the following equals to zero?

2
A. f |x? —10|dx
-2
1
B. f (x? = 1)1 — x?)%dx
-1
T
ZcosPx+1
C. =
_m cos?x
m
2 sin® x cos x
b [lrtrems,

e

End of Section I

-6-
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Section II
90 Marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question on a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet.
in sin
(a) The complex numbers z = 2e+ and w = 3e’6 are given. 2

Find the value of zw?, give the answer in the form re®®.

s T

(b) Find the quadratic equation with the roots V5 cis (E) ,V5 cis (— E) 2

(c) Find a vector equation of the line through the point A(—4, 3, —1) and 2
B(-9,7,5).

(d) Evaluate

1 ex
i —_— 2

. 2 6x — 4 d 4
@ ) Groeezr™

5 10—«
3
(i) fo x>

End of Questions 11

-
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Question 12 (15 marks) Use the Question 12 Writing Booklet.

(a)

(b)

©

(d)

©

®

A particle moves in simple harmonic motion described by the equation
X% = —36(x + 8). Find the period and the central point of motion.

Given that vectors @ = 2i + mj — 3k and b = m?i — j + k are

perpendicular to each other. Find the values of m.

Consider the statement:
VxER, (x>1)= (x <x?)
i) Write the contrapositive.

(ii) Write the negation.

2

The acceleration, a ms™4, of a particle moving in a straight line given by

a= log—v , where v is the velocity of the particle in m/s at time t seconds.
e

The initial velocity of the particle was 5 ms™*. Find the velocity of the

particle in terms of t.

do

0
Using the substitution ¢ = tan— to find | —— > —
sing fhe substitution £ = tan o i f2+251n9+20056

Use the method of proof by contradiction to prove that the cube root of any
prime numbers p, where p > 2, is irrational.

End of Questions 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet.

(a) Solve the equation x* — 2x® — 14x?2 + 78x + 225 = 0 over the complex
field given that it has a rational zero of multiplicity 2.

(b) The speed v cm/sec of a particle moving with simple harmonic motion in a
straight line is given by v? = 176x — 936 — 8x2, where x cm is the
magnitude of the displacement from a fixed point O.

. d?x
i Show that — = = — _
() -2 8(x — 11).

(i1) Find the amplitude of the motion.

(c) 1) Prove jaf(x)dx = jaf(a —x)dx
0 0

T

> iam
(ii) Hence, show that fz de _r
o sin™x + cos™x 4
(d) The straight lines [; and [, have the following vector equations

" =4i+3j+k+l(i +4j+3k)
) =8i+8j+13k+u(2i —3j+6k)
where A and p are scalar parameters.

1) Show that [, and [, intersect at some point P and find its
coordinates.

(ii) Calculate the acute angle between [; and [,.

End of Questions 13

9.
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Question 14 (15 marks) Use the Question 14 Writing Booklet.

x+8
a Find the primitive function of f(x) = —————.
® P f V24 —10x — x?
(b) Prove that the sum of the squares of 3 consecutive positive integers is

always 1 less than a multiple of 3.

2
1

(c) Evaluate f Oggxdx.
. X

(d) (1) Let x and y be real numbers such that x > 0 and y > 0.

x+y
P that > [xy.
rove tha o= xy.

(i1) Suppose that a, b, ¢ are real numbers.
Prove that a® + b® + ¢® > a*b* + a*c* + b*c*.
(ili)  Show that a*h* + a*c* + b*c* = a*b?c? + b*a?c? + c*a?b?.

(iv)  Deduce that if a® + b% + ¢ = d?, then a® + b® + ¢® = a?b%c%d?.

End of Questions 14

-10-
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Question 15 (15 marks) Use the Question 15 Writing Booklet.

(a) A particle moves in a straight line. The displacement function x metres in
terms of velocity v m/s is given by x = 8v — 3 In(v + 2). Find the time ¢t
seconds of the particle as a function of its velocity v, if the particle is
initially moving at 1 m/s.

(b) 1) Using integration by parts to show that:

1 n ot
J; X1000(1 _ x)ndy = 001 ), X1001(1 — x)n=1gy
1
) If I,= f x1000(1 — x)™dx, use part (i) to show that
0

n

=100t 47"t

. N vt L. = n!1000!
(iii) ence show that I, = (1001 + n)!

. . + 14 x)n* .
(c) Consider the function x) = u,x >0 wheren>1isa
(n+x)"

fixed positive integer.

1) Show that for x > 0, f(x) is an increasing function.
. X n+1 X n

(if) Hence show that (1 + n—+1) > (1 + E) .

(i)  Deduce that (n + 2)"*1n™ > (n + 1)*"*+1,

End of Questions 15

11-
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Question 16 (15 marks) Use the Question 16 Writing Booklet.

(a) Given that P(x) = x® + x3 + 1.

1) Show that the roots of P(x) = 0 are amongst the roots of 1
x°—1=0.
(i1) Show that 4
2m 4m 8m
P(x) = (xz —2x cos 5~ + 1) (xz —2x cos 5~ + 1) (x2 —2x cos 5~ + 1)
(i) Evaluate cos2cos—™ + cos - cos O + cos 2 cos o 2
€05 -0 5~ + C0S -0 5~ + C0S - COs 5
(b) If a function f (x) is continuous for a < x < b and
b b
@) Show that J- fl)dx| < f |f(x)|dx 1
a a
n 337 — 1
(ii) Hence prove that fo 27* cosx dx| < 33 3
(c) Given that x; + x, > \/x1x,, use the method of mathematical induction to 4

show that for all positive integers n = 2,if x; > 1,j = 1,2,3, ..., n, then

In(x; + x5, + -+ x,) > (Inx; +Inx, + -+ 1Inxy)

2n-1

End of Paper

-12-
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Student Name:

Multiple Choice Answer Sheet

Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample: 244 = (A) 2 B) 6 ©) 8 D)9
AO B @ cO DO

If you think you have made a mistake, put a cross through the incorrect answer and fill in
the new answer.

A® B ¥ cO DO

If you change your mind and have crossed out what you consider to be the correct answer,
then indicate the correct answer by writing the word ‘correct’ and drawing an arrow as

follows.
/ correct

A B W cO DO
IS;ZS—) . A0 BrO c¢cO 0O
2 AQO BO cO bpO
3 a0 BO cO bpO
4. AC BO <cO© DO
5. A0 BO ¢cO 0O
6. AO O <cO© 0O
7 A0 BO cO 0O
8 A0 BO ¢cO 0O
9 A0 BO ¢cO 0O
10, AO BO cO 0O

13-
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Section 1

Q1

C
X = Y, theconverseisY = X

1 Mark

Q2

)6)-

2
cosf =
V224 (-3)2+12x V12

0 =57.7°

1 Mark

Q3

B
1=f2tan3xsec2xdx

Letu = tanx

du = sec? x dx

I =f2u3du
_2ut

I=—+C
4'+

1 Mark

Q4

Since Im(b) = 0, then b is a real root.

Roots appears in conjugate pair for real polynomials.

If a is a root, then ¢ must be its conjugate pair.
a=x+1iy,thenc=x—iy
lal = lcl

1 Mark

Q5

D

-5 (t+1r)

x = 5cos 713

_ 5. t+n
”__ES'“(E §)
Particle at rest whenv = 0

n(z+3)=0
sin St3)=
-—+-=0,7,...
2t3=0"
t m 21
2 3'3’'"
. 2 4m

3 ,?,

1 Mark

Q6

Il
v
=R
|
=
w
+
=
S

Q NIk 0O

oy
([
38|
EIRe

1 Mark




Q7

_ J’“ dx
—3/16 — (x + 3)2

1 Mark

Q8

)—A 1 Arg(1+i)=0 r__r
i) = Ars() —Arg(l+ D) =0-2=—7
)=Arg(1)—Arg(1+i)2=0—2><

e

T
4 4

1 T 20m
)= Arg(1) —Arg(1+ )P =0—20 x> = ———
1+i)2°) rg(1) — Arg(1 +0) 1 1

Arg %) +Arg((1 j 12)(2)) +Arg((1 j i)3) o +Arg<ﬁ)
m

~

(

frg ((1 +i)?
(
(

4(1+2+3+-~~+20)

=B+
=g\ 020
1057

Since argument is between —m to
T

2

1 Mark

Q9

A
BA =04 - 0B
BA=z—2,
— 1 1
MA = EBA = E(ZZ1 _ZZZ)
— (7172
~ =P
=0B +BM + MQ

1 (1T 22
=;2+E(21_22)+L(T)
2tz —z T2
- +2 ( 2 )
_ZitZy (21— 2
=it

SIPSEPSESINS|

1 Mark

Q1o

D
Option A is even, Option B is even, Option C is even. Only Option D is odd.

1 Mark




Section 2

Qlla zw? 2 Marks
in sim ® Correct
=2e4 X (36 6 )
i 5im
=2e4 x27e2 1 Mark sin
_ 54e¥ Finds w® = 27e2
3in
= 54¢ 4
Qllb Sum of roots 2 Marks
o ) b3 s V3 Correct solution
\/5615(3) +\/§c1s(—g) = 2\/5(:05(3) = 2\/§><7 =15
1 Mark
Product of roots Determine the sum
AW (T or product of roots
\/3015(6) \/ECIS( 6)—5
#x?—V15x+5=0
Qllc ., [9 —4 =5 2 Marks
AB=| 7 |=( 3 |=| 4 Correct solution
5 -1 6
—4 -5 L Mark
ar=|3 +/1<4 ,LAER Find AB
-1 6
Qlidi 1 X 2 Marks
fo e2x 1 9 d Correct solution
1 expt
_ [_tan—l _] 1 Mark
3 31 .
1 0 Correct anti-
= ltan‘1 ¢ _ ltam‘1 derivative
If 3 3 ) 3
e
_ 18 -1
=3 tan 3 tan 3)
Q11dii 6x — 4 A Bx+C 4 Marks

GIDG2+2) x+1 3242
ABx?+2)+ (Bx+C)(x+1) =6x—4

Lletx = —1
54 =-10
A=-2

Letx =0
2A+C =—-4
cC=0

Lletx =1

54+ 2(B+C)=2
-10+2B =2
B=6

6x — 4 _ -2 + 6x
(x+1)Bx2+2) x+1 3x2+2

Correct solution

3 Marks
Makes significant
progress

2 Marks
Correct partial
fraction

1 Mark
Correct A,Bor C




2 6x — 4
d

, G+ DB+

_J‘Z< 6x 2 )d
=), G2 Ty )™

= [log.|3x? + 2| — 2log,|x + 1]13

= [log,|3 X 22 + 2| — 2log,|2 + 1|] — [log,|3 X 02 + 2| — 2log,|0 + 1]]

= log, 14 — 2log, 3 — log, 2
7
= lOgea
Ql1diii 3 Marks
10 — x .
f Correct solution
10 + x
2 Marks
10 — x 10 — x ;Zorrectt. anti-
J‘ 10+X 10—3{ x erivative
1 Mark
[ 10-x die Correct integration
o V100 — x2 for elitger
_fs( o x )dx V100 — x2
o W100—x2 V100 — x2 o
x 5 V100 — x2
= [10sin"t = ++/100 - 2]
10 o
5
= (10 sin™! 5 +1/100 - 52) — (10sin710 ++/100 - 02)
(10 x = +75) = (0 + 10)
57
=5+ 5vV3-10
Ql2a ¥ =-36(x+38) 2 Marks
#=-6%(x+8) Correct solution
n=6,.c=-8
1 Mark
T = 2r _r Correct period or
6 3 centre
Ql2b 2 Marks

(2£'+mj—3l~c>-(m2£—j+lf>=
2m?-m-3=0
2m-3)(m+1)=0

3

= m=-1
m zm

Correct solution

1 Mark
Finds
2m?—-m-3=0




Q12ci VxER, (x=>x?)=>(x<1) 1 Mark
Correct solution
Ql2cii 3x € R such that (x > 1) and (x = x?) 1 Mark
Ix €R, (x> 1) N (x = x?) Correct solution
Ql2d v v 3 Marks
dt ~ log,v Correct solution
log, v 2 Marks
f v dv = f dt Correct anti-
derivative
(log. v)*
2 t+c 1 Mark
Identifies
t=0,v=5 J’logev f
’ ——dv=|dt
log, 5)? v
(ogeS)” _ . ¢
c= (log, 5)2
2
log, v)? log, 5)?
(log. v) -t (log, 5)
2 2
log, v = ++/2t + (log, 5)?
v = etv2t+(og. 5)2
nov=eV2ttloges)? 5t = 0 p =5
Ql2e 3 Marks

f dae
2+ 2sinf + 2cos6

1+ +

_1f 1 N 2dt
T2 ( 2t 1—t2) 1+t2

14+t2 1+t
_1." 2dt
T2) A+t2+2t+1-1t2)
_1f 2dt
T2) 242t
_1J' dt
T2)1+¢

1
=Eloge|1 +t|+C

6
1+tan5| +C

1
= Eloge

Or

0
=log, 1+tanz+C

Correct solution

2 Marks
Correct anti-
derivative

1 Mark

Correct
substitution of half
angle formula




Qi2f Prove by contradiction: Assume i/; is rational 3 Marks
3 m Correct solution
V=T
Where m and n are positive integers, n # 0, and m and n have no common 2 Marks
factors. Makes significant
B m3 progress
=
n’p =m? 1 Mark
This means n®p is divisible by m, but n is not divisible by m, so p is divisible Establishes
by m. s _m
V=
1 and conditions
fm=1,p= e
This is not possible as p > 2.
Ifm > 2, wherep #m
Since p is prime, p cannot be divisible by m
Ifm > 2, wherep =m
Then n®m = m?3, and n® = m?, and this indicates that m and n have
common factors, but this is a contradiction.
= }/p is irrational.
Ql3a P(x) = x* — 2x3 — 14x% + 78x + 225 4 Marks
P'(x) = 4x3 — 6x% — 28x + 78 Correct solution
P'(-3)=4x(-3)°-6x%x(-3)2—-28x(-3)+78=0
P(-3)=(-3)*—2x (-3)3—14 x (-3)2+ 78 x (—3) + 225 =0 3 Marks
P(x)=(x+ 3)2(ax2 + bx +¢) Determines
P(x) = (x? + 6x + 9)(ax? + bx +¢) = x* — 2x% — 14x? + 78x + 225 (x +3)2((x — 4)?
-3
Match coefficients
a=1
2 Marks
9c =225 Matches
c=25 coefficients to find
correct a and b or
9b + 6¢c =178 aandc
9b =78—-6x25
b=-8 1 Mark
22 Determines the
P(x) = (x +3)*(x* — 8x + 25) double root at
P(x) =(x+3)?(x>—8x+16+9) x=—3
P(x) = (x+3)2((x—4)%+9)
P(x) = (x +3)*((x — 4)* — (31)?)
P(x) = (x+3)%(x—4—3i)(x —4+3i)
(x+3)2(x—4-3))(x—4+3i)=0
wx=-3,x=4+3i
Q13bi v? =176x — 936 — 8x? 1 Mark
1 .
EVZ — 88x — 468 — 4x2 Correct solution
d (1 2) =88-8
ax\2V )= *

L d%*x
fi == =8k —11)




Q13bii 176x — 936 — 8x2 = 2 Marks
x?—22x—117=0 Correct solution
x—9x—-13)=0
x=9,13 1 Mark
~ amplitude is 2 Obtainsx = 9,13
Q13ci @ 1 Mark
I= fo fax)dx Correct solution
letx=a—u
dx = —du
x=au=0
x=0u=a
0

I= f fla—u)(—duw)
aa

I= f f(a—u)du
0
a

I = f fla—x)dx
0

Q13cii 3 Marks

T .
2 sin™ x d
. dx
o Sin™x + cos™x

f% sin™ (% - x) "
0 smm — - x) + cos™ (% - x)

T
2 cos™x

,f cos™ x + sin™ x + sin™ x

T T .
2 cos™x d 2 sin™ x d
o cos™x +sin™x o Sin™x + cos™x
T[

Z
= | ldx
0

CE
[=}

N AN AT

i s
2 sin™ x J‘z cos™x
0

fo sin™x + cos™ x

s s
J‘i sin™ x d lfild

x == X
o Sin™x + cos™x 2Jy

T
2 sin™ x

1
——————dx =X
fo sin™x + cos™ x 2

NS

i
2

]

f sin™ x _ sin"x
X =
o sin™x + cos™x 4

cos™x + sin™ x

Correct solution

2 Marks
Makes significant
progress

1 Mark
Obtains

g cos™ x
0 cos™ x+sin™x




Q13di r1:4-i+3j+k+/1<i+4j+3k) 2Marks
~ ~ ~ - ~ ~ ~ Correct solution
r, = 8i +8j+13k+u(2i —3j+6k)
~ ~ ~ ~ ~ ~ ~ 1 Mark

Determines the
4+A=8+2p & correct value of 1
3+41=8-3u 2) oru
1+31=13+6u 3)
(x4
16 +41=32+8u (4)
@ -2
13 =24+ 11u
—11=11u
u=-1
Sub into (1)
44+21=8+2x-1
A=2
Check using (3)
LHS =1+3%x2=7
RHS=134+6x-1=7
P=04+2%x13+4%x21+2x%x3)=(6,11,7)
Q13dii (i+4j+3k)-(2i—3j+6k) 2Marks
cosf = —~ ~ ~ ~ ~ ~ Correct solution
V12442 4+ 32 x /22 + (=3)2 + 62
1 Mark
1x24+4x(=3)+3x%x6 Makes significant
cosf =
\/%X\/‘l-_() progress
0 8
cosh = ——
7726
6 = 77°2'53.22"
6 = 77°3' (nearest minute)
Ql4a x+8 3 Marks

—_—dx
24 — 10x — x?

x+5 3
=f dx+f dx
V24 —10x — x2 V24 —10x — x2

B _f —(2x +10)(24 — 10x — x2)2

3
dx +f dx
2 V49 — (x2 + 10x + 25)

1
—(2x+10)(24 — 10x —x»)2 3
=—f (2x X x—x) dx+f dx
2 72 — (x +5)2

+5
=- 24——10x—x2+3sin‘1<xT)+C

Correct solution

2 Marks
Makes significant
progress

1 Mark
Correct splitting
into two fractions




Ql4b Let the 3 consecutive numbersben,n+1,n+ 2 2 Marks
n?+m+1)%+n+2)> Correct solution
=n?+n?+2n+1+n?+4n+4
=3n’+6n+5 1 Mark
=3n’+6n+6-1 Obtains
=3n?+2n+3)—-1 3n?+6n+5or

equivalence
« This is one less than a multiple of 3.

Ql4c 2log, x 4 Marks
1=£ 3 dx Correct solution
u = log, x v =x3 3 Marks

1 x~2 1 Correct anti-
u = X v= 2T T2 derivative
log, x7° 21 2 Marks
I= [— 222 ] —f —ﬁdx Correctly uses parts
1 1
1 Mark
log,x1? 1 (%2 _ ar P
1:[_ - ] +=| x3dx Correctu, u', v, v
2ty 2)y and attempts to
5 use parts
I [( logQZ) ( log, 1)] N 1[x2
T\ 2x22 2x12/1 7 2] 2 |,
log.2 1 1 1
-2 i) ()
8 * 2 [ 2 %22 2% 12
log:2 1, 1 1
[=——2" (242
8 * 2 ( 8 * 2)
= 3 log,2
T 16 8
Ql4di x=20,y=>0 1 Mark
Correct solution
(Wx=yy) =0
x—2Jxy+y=0
x+y=2xy
x+y
>
2 VY
Q14dii 2 Marks

1 1 1
a®+ 0% +c% =2 (@ +b%) + S (0% + %) +5(a + )

1
E(a8 + b®) = /a®b?
1
E(b8 +¢®) > /b8
1
E(a8 +¢®) > adcB

a® + b® + c® > Va®b® + VbBcB + VadcB

a® + b8 + c® = a*h* + b*c* + atct

Correct solution

1 Mark
Makes significant
progress




Q14diii a* + b* > 2a’h? (€D 2 Marks
b* + c* > 2b%c? 2 Correct solution
a* +c* > 2a’c? 3)
1 Mark
M+@+G) Shows
2(a* + b* + ¢*) = 2(a®b? + b?c? + a*c?) at+b*+c*
a* + b* + c* = a?b? + b%c? + a®c? = a’b? + b’c? + a’c?
Replacing a by ab, b by bc, c by ac
(ab)* + (bc)* + (ac)* = (ab)?(bc)? + (bc)?(ac)? + (ab)?(ac)?
a*b* + b*c* + a*c* = a?b*c? + a?b?c* + a*b?c?
a*b* + b*c* + a*c* = a*b?c? + a’b*c? + a®b?c*
Ql4div a® + b® + ¢® = a*h* + b*c* + a*c* = a*b?c? + a’b*c? + a?b?c* 1 Mark
a® + b8 + c® = a*h?c? + a’b*c? + a?b?c* Correct solution
a® + b8 + c® = a’b%c?(a® + b% + c?)
If a® + b% + ¢? = d?, then
a® + b8 + ¢® > a?bh%c?d?
Ql5a x=8v—3In(v+2) 4 Marks

dx 3
dv v+2

dx 8v+16-3

E: v+2
dx 8v+13
dv~ v+2
dv _ dv
e Udx

dv <v+2)
a "\sv+13
Jwgu+13d —fdt
L v(v+2) v

8v+13 A B

v(v+2)_v+v+2

Alv+2)+Bv=8v+13

—2B=-16+13
B_a
T2

A, B _13 3
v v+2 2v 2v+4

Correct solution

3 Marks
Correct anti-
derivative

2 Marks
Correct partial
fraction

1 Mark
Finds
dx 8v+13

dv v+2




f” f 2@+m)

t—F%I|+3l|+ﬂr
—21'117 ZHU )

:—[B1||+31|+2| C3ll+313ﬂ
—va an 2]'1 Zn

t—131 | |+3l |v+2|
=5 n|v 2n

Q15bi 1 2 Marks
_ 1000
Iy = fo xH0%(1 = x)"dx Correct solution
u= (1 — x)n’ U x1000
) . 1001 1 Mark
u'=-n(l-x)""1 v= 1001 Correctly uses parts
1001 1,1001
b= [1001 a-»" ] f Too1 (1~ Ddx
11001 1001 no1
L =|—-1D)"———(1-0)" - 1001 1— n—1d
" [1001( A T TR ]+1001f0x (-2 d
n x1001(1 _ yyn—1
I, = 1001 (1 —x)"tdx
Q15bii 2 Marks

1
I, = f x1000(1 — x)"dx
0

1
n
I, = 1001f0 x1000 % x x (1 — x)" 'dx

1
___" [ 1000 N _ n-1
I, 1001, x1000 5 (1 —x) —1) x (1 —x)" dx

_ 10001 _ — x)P1 — 510001 _ yyn-1
I, =— 1001f (x 1-x)1-x) A-x)"Ydx

n 1 1
I = — 100001 — 4 )1 _J- 10001 — y)n-1
n 1001<f x (1—x)"dx ) x 1-x) dx)

n
In - 1001( n 1)

L4l = — ]
" 71001 " 1001 "t

I, (1 +ﬁ) = ﬁln_l

(1001+n)_ n I
"\"1001 / 1001 ™*
1001

n
ILy=—=0L,_ 1 X——m
"7 1001 ™17 1001 +n

n

=
" 1001+n "t

Correct solution

1 Mark
Makes significant
progress




Q15biii " 2 Marks
"7 10014+n vt Correct solution
n n—1 n—2 1
I, = X X1 1 Mark
"T1001+n 1001 +n—1 1001+n—2 " 1001+1  ° Expands I, and
1 finds I
IO=J’ x1000(1 — x)0dx
0
. [X1001]1
0= |TAanT
1001,
; _11001 01001
°7 1001 1001
e 1
° 71001
n n—1 n—2 1 1
I, = X X X .. X X ——
1001+n  1001+n—1" 1001 +n— 2 1001+ 1" 1001
I = n xn_lxn_zxxlxl
™7 10014+n" 1000+n 999 +n 71002 1001
L. n on-1l om-2 1 1 1000
™7 10014+n  1000+n 999 +n" 71002 1001 1000!
_ n!1000!
™7 (1001 + n)!
Q15ci (140"t 2 Marks

f@x)

m+on ,x=20n=>1

u=mn+1+x)""
u=m+Dn+1+x)"

v=m+x)"
v =nn+x)"?!

_ M+ M+ 1D +1+20)"— (n+14+x)" nn+x)" !

f'e® CERE
oy A1+ 0"+ )"+ ) (n+ 1D —nln+1+x)]
freo = (n+x)%n
vy A1+ 0" M+ n+xn+x—n®—n—nx]
f (X) - (n +x)(2n7n+1)
£ = x(n+1+x)"

T (n+x)0tD
Sincex > 0,n>1
n+1+x)">0m+x) ™D >0
(

L f'(x) >0
~ f(x) is increasing for x > 0.

Correct solution

1 Mark

Correct
differentiation and
simplifies




Q15cii Since f(x) is increasing for x > 0 2 Marks
Then f(x) > f(0) Correct solution
(n+1+x)" - n+1+0)"+ 1 Mark
n+ 0" n+0)" Explains
f(x) > f(0)
n+1+x)"  (n+ 1)1 and shows
> n+1+0"  (n+ 1)L
(n+2x)" Ok G on OF
Sincex >0,(n+x)">0,(n+ )"t >0
m+1+0)" (n+x)" )
(n+1)n+t T @
(n +1+ x)'”1 - (n + x)"
n+1 n
X n+1 X\
S
Q15ciii Sub x = 1into (1) 1 Mark
Correct solution
nm+1+D" (n+ 1"
(Tl + 1)n+1 (n)n
(n+2)n*t S (n+1)"
(n+ Dn+t O
Since(n+1)" >0, (n+ )" >0
(n+2)""n" > (n+ 1)"(n+ 1)
- (n + 2)n+1nn > (,n + 1)2n+1
Ql6ai x%—1=(ax®—bx’+cx+d)(x® +x3+ 1) 1 Mark
Correct solution
Compare coefficients
a=1d=-1,b=0,c=0
x0=1=0(3 - +x3+1)
The roots of x? — 1 = 0 are the roots of x> — 1 = 0 or the roots of
x+x3+1=0.
= The roots of P(x) = 0 are amongst the roots of x° — 1 = 0.
Q16aii x°—=1=0 4 Marks
x%=1 Correct solution

(cos96 +isin90) =1
99 =0+2knr (k=0,41,+2,..)

9_2k7r

T 9

_ 2kn an)
x_(COST+LSIHT

k=0, cosO+isin0=cos0=1
k=1 2n:+_ . 2m
=1, cos? Lsm?

3 Marks
Determine roots of
x+x3+1=0

2 Marks
Finds all solutions
tox? =1

1 Mark
Finds some
solutions to x° = 1




K= —1 ( 21'[)+. . ( 27r)
=-1, cos ) isin 5
k=2 4-1'[+_ . 4m
= 4, CDS9 lSlI'l9

K= —2 4m tisi ( 4-7r)
=-2, cos(—?) isin{——

2m 2m
k=3, cos?+ isin—

3
k=—3 27l'+' o 2m
=—3, coso-+isin—
k=4 87T+‘ . 8m
=4, cos-+ising

k= —4 ( 8n)+, . ( Bn)
= —4, cos 9 isin 9

The roots of x® — 1 = 0 are:

1 21r+”2n 2 2w
10—+ isin—-, cos—- — Isin—

So the roots of x® + x3 + 1 = 0 are:

2n+._2n ( 2n)+._( 271) 4-n+_.4-rr
cos—-+ isin—-, cos 5 isin 5 scos =+ isin—,

4n+,_(41r 87T+‘_8T[ 8n+._ 8m
cos<—?) isin —?>,cos? lsm?,cos(—?) lsm(—?)

2n 2w
a=cos?+lsm—

2 o 2 2r | 2m
cos(—?)+lsm(——)=cos——zsm—

a

9 9 9
B 4-n+, . 4m
B = cos g tising
5 ( 47r)+._ 471_ it 4m
B = cos -5 lsm(—?)—cos?—lsm?

B 87r+. . 8m
y = cos—o-+isino-

Y= cos(—f%n) + isin(—%T) = 0038?”— isin%r
P() = (x—a)x—@)(x—B(x = B)x ) x~7)

P(x) = (x® = 2Re(a)x + 1)((x? — 2Re(B)x + 1))((x? — 2Re(y)x + 1))

2 4m 8w
P(x) = (xz - 2cos?x+ 1) (xz - Zcos?x + 1) (xz - Zcos?x + 1)

16aiii

Equating coefficient of x? on both sides of the equation
2m 4w 4 8w
0=1+1+1+ (—2cos—) X (—2 cos—) + (—2cos—) X (—2 cos—)
9 9 9 9
2m 8m
+ (—2 cos —) X (—2 cos —)
9 9

2m 4m 4m 8 2m 8
—3 = 4 cos— cos— + 4 cos— cos — + 4 cos — cos —
9 9 9 9

2m 4-n+ 4m 8n+ 2 8mr 3
cosgcos9 c059c059 cosgcosg— "

2 Marks
Correct solution

1 Mark
Attempts to equate
coefficient of x?




Q16bi |f(x)] is always positive so f:lf(x)ldx is a positive value. 1 Mark
Correct solution
£ (x) can cross the x-axis fora < x < b, then f:f(x)dx may involve adding
negative (below x-axis) and positive values (above x-axis).
b b
so |, Fedx| < [71f ()ldx
b b ) ) .
|fa f(x)dxl = fa |f(x)|dx if £(x) is positive.
b b
U Foodx| < f If (0)ldx
a a
Q16bii Toox - 3 Marks
fo 27% cosx dx| < J(-) |27% cos x|dx Correct solution
T n 2 Marks
f 27*cosxdx| < f 27%dx (Jecosx| <1,27* > 0) Correct anti-
0 0 derivative
m 277"
f 27* cosx dx| < I 27] 1 Mark
0 nz/do Obtains
¥
m 33x " f 27% cos x dx
f 27*cosx dx| < [—— 0
0 3In3f; n
Sf 27%dx
n 33T 33%0 0
27% dx| < —=———
fo COSX| =313 33
n 331
27% dx| £ ———
fo cosx dx 33
Qléc 4 Marks

1
RTP: In(xqy + x5 + -+ x) > F(lnxl +Inx, + - +1Inxy,)

1. Prove statement is true forn = 2

1 1
LHS = In(x; + x5) RHS = F(ln x; +1nxy) = E(lnxl +1Inx;)

Since x; + x; > 1/x1X;, and In xis an increasing function,
In(Cx; +x2) > In({/x1x;)

1
In(x; + x,) > Eln(xlxz)

1
In(x; +x3) > E(ln x1 +1Inxy)

LHS > RHS
« This is true forn = 2.

2. Assume statement is true forn = k, k € Z*

1
In(xq + x5 + -+ x3) > F(lmﬁ +Inx, + - +1Inxy)

Correct solution

3 Marks
Makes significant
progress

2 Marks

Shows

In((xy + 2 + -+ X50) + Xpeyr)
> %(ln(x, + x4+ x)
+1Inxje1)

1 Mark
Proves the initial
case




3. Prove statement is true forn =k + 1

1
In(xy + x5 4+ 4 X + Xppq) > Z—R(lnxl +1Inx, + -+ Inxy + Inxggq)
LHS =1In((xy + 22 + =+ + i) + Xpes1)

1
In((ey + x5 + -+ x3) + Xpey1) > E(ln(xl + X + o+ xp) + Inxg)

From assumption
In((g + x5 + -+ X)) + Xp41)

1
> E(F(lnx1 +Inx, + - +1Inxg) +1In ka)

1 1
In(xy + x5 + -+ x5 + Xpp1) > Z—k(lnx1 +Inx, + -+ 1Inxy) +Elnxk+1

L1 1
Since 7 > 2—kand Inxyq1 > 0, then

1 1
Z—k(lnx1 +1Inx, + -+ 1Inxy) +Elnxk+1

1 1
> 2—k(1nx1 +1Inx, + -+ 1nx) +2—klnxk+1

1 1
2—k(1nx1 +1Inx, + -+ 1Inxy) +Elnxk+1

1
> Z—k(lnxl +1Inx, + -+ 1Inx + Inxgyq)

1
sn(ag +xp 4+ X+ X)) > z—k(lnxl +Inx, + -+ Inxg + Inxgqq)

True by mathematical induction for all integers n > 2.




